In this paper, the Wheeler-DeWitt (WDW) equation is derived in null-foliated 4D spacetimes. WDW equation written in null-foliated spacetime presents an enormous simplification compared to the spacelike-foliated spacetime as the null-foliations are 2D. Under appropriate conditions, these can be solved exactly to give the partition function of non-critical strings as a solution. This establishes a correspondence between null surfaces in 4D to string worldsheet geometry. Attempts are made to derive the physical consequences of this correspondence.
Introduction and Summary of Results
Quantum cosmology is an attempt to apply quantum mechanics to the whole cosmos. The ingredient central to this discussion is the Wheeler-DeWitt equation (WDW), originally derived in 3+1 foliated spacetimes [1] 
where Ψ is called the wavefunction of the universe and is a wavefunctional over the space of metric h ab which is the metric induced on the spacelike foliation. G is the DeWitt supermetric given by
Solving the above equation is difficult because the metric components and the matter field (here a scalar field) together form the superspace
which is infinite dimensional due to the label x i on the foliation Σ. The way around this problem is to truncate the degrees of freedom and obtain approximate solutions by considering 'minisuperspaces' where the labels x i 's are dropped and therefore, the superspace becomes 6+1 dimensional. This is justified by arguing that cosmologies are isotropic and homogenous, so finding a solution at a point x i ∈ Σ is the same as finding a solution at a point x j ∈ Σ, so the position labels can be dropped [1] . However, exact solutions may be obtained through novel techiniques as done in [2] . Another problem WDW equation faces is the lack of a probabilistic interpretation of Ψ [3] . In quantum mechanics (QM), probabilistic interpretation is facilitated by the continutity equation which is not possible here because WDW is of the form HΨ = 0 while QM is of the form HΨ = −i∂ t Ψ which is another problem faced by WDW i.e. the problem of time [4] .
In this paper, attempts have been made to find exact solutions to WDW by exploting the simplicity of the equation in 2+2 foliated spacetime. In 2+2 foliation the WDW in the case of pure gravity looks like
which may be treated as the main result of this paper. This equation may seem much more complicated than its 3+1 counterpart, but it can be easily simplified by making use of the coordinate freedom to set N A u to zero and by working with the ansatz
where the Dirac quantization procedure has been implicitly assumed. The submanifolds of the spacetime is assumed to be integrable which also contributes to the simpler form above.
Integrability of submanifolds and its consequence is discussed in Section 2. This leads to a simplified version of the WDW equation
Notice that unlike its 3+1 counterpart the above form is only first-order in the momenta 1 which is an enormous simplification. The outline of the paper is as follows. Starting from Section 2, a null foliation of the spacetime is constructed in a manner analogous to the construction of the usual 3+1 foliation. By choosing one of the null directions as time, towards the end of the section, we provide the Hamiltonian formalism for the null-foliated spacetime. In Section 3, Dirac's quantization procedure is implemented to get the WDW for the case of both pure gravity and matter-coupled gravity. Exact solutions to both are obtained. These solutions are basically partition functions of non-critical strings. And finally, attempts were made to seek out physical consequence of this formalism. Here, the correspondence established betweeen null surfaces and string worldsheet geometry in Section 3, was exploited to justify punctured null surfaces i.e. null surfaces with some points excluded, which turns out to be nothing but cosmic strings.
Null-foliated spacetimes
We would like to do a 2+2 foliation of our spacetime which can be achieved through [5] 
where σ is the metric on the folia where l µ and n ν are null vectors normal to the foliation satisfying
Analogous to the 3+1 foliation of the spacetime, we define optical scalars u and v such that
We would also like to define
where y µ are the spacetime coordinates and x A are the coordinates on the folia with A = (1, 2). Obviously, l µ e µ A = n µ e µ A = 0. Since, u µ and v ν must be identified with tangent vectors to null curves. Therefore, we may write the following decomposition
where N A u and N A v are analogous to the shift. Using the above we may now write the spacetime metric as
or more explicitly
where N 2 ≡ N i N i . 2 From the above it can be shown that
For the sake of completeness, the inverse of the metric is also displayed
With N u = N v , the metric (2.6) is in agreement with the form obtained in Eq. (12) of [6] . Similar methods were employed in [7] to derive a metric similar to (2.6). But this paper will stick to the form derived above because of its familiarity with the metric obtained in 3+1 foliation [5] .
Gauss-Coddazi relations
Analogs of the Gauss-Coddazi relations can now be obtained. For a full derivation see the Appendix. Here only the final results are stated
From which we obtain,
Hence, the Einstien Hilbert action thus becomes
Hamiltonian formalism
We need to find momenta conjugate to σ ab . So, we definė
The second equality is derived in the Appendix. Hence, we may write
Therefore, the conjugate momenta is now given by
Therefore, we have
where t.d. stands for total divergence. For additional details, refer the Appendix.
Wheeler-De Witt equation
We will implement the Dirac's quantization procedure to (A.23-A.24) with the following replacement [1] 
Implementing the hamiltonian constraint gives
Notice the enormous simplification in the null-foliated spacetime. Since, there are no time derivatives of N A u in (2.11), therefore, N A u is non-dynamical and can be set to anything convinient. It is set to zero here. Now, we write the following ansatz for the solution
where L u e µ A = 0 was used. Threfore, we have
where in the third equality L u g µν = ∇ µ u ν + ∇ ν u µ was used and in the last equality (A.17) and (2.12) was used. The choice N u = 1, N A u = 0 was used as well. Now if φ = ln √ σ, then the above reduces to
Hence, (3.4) reduces to
However, for integrable configurations, it is desirable to have ω µ = 0. To understand this geometrically, consider the two projectors
The projectors are defined as maps σ :
where Σ ⊥ is the subspace orthogonal to Σ at all points. τ is the induced metric on Σ ⊥ and l µ , n µ are the basis vectors of Σ ⊥ . Since. they are basis vectors ω = [n, l] should be zero. However, from (3.7) it is seen that it is not and therefore, l µ , n µ are not surface forming. For simplicity, only integrable Σ ⊥ will be considered, therefore, only those values of N A v , N v will be allowed which leads to an integrable configuration i.e. ∂ u N v A = 0. This is the minimum requirement for the null normals to be surface forming which was inferred from (A.17). Therefore, for integrable configurations,
Now, by the Uniformization theorem, we may write for any closed two-surface
where σ c AB is the metric on the sphere, the disk or the complex plane and K c AB is the corresponding extrinsic curvature. Hence, the above becomes
where we have written the above in a suggestive for through c = 3N v /K c . The above equation has an uncanny resembelence to the PDE for the partition function of non-crtitical strings. Indeed for constant c and appropriate value for Λ, ψ is the partition function for non-critical strings [8] . Since, from (3.12) we haveK c =K, therefore, N v is constrained as follows
Using the coordinate freedom owing to the non-dynamical nature of N u , N A u , they can be set to N u = 1, N A u = 0. Due to which the above becomes
Consistency with the momentum constraint
The momentum constraint is given by
Consider the solution obtained above
where Z is the partition function for the action
is the action above. Now, consider the second term in the momentum constraint above
This is the only contribution by ψ to the above constraint. The contribution to the phase factor (3.3) to (3.16) is
To derive the above, N u was set to 1 by using the coordinate freedom associated with it. Now, due to (3.7), (3.20) reduces to
which is zero as only integrable configurations were considered in the previous section. Notice that the mometum constraint is seemingly unsatisfied. Consider the momentum conservation
where the worldsheet metric is taken to be in the conformal gauge. For the purposes of defining OPE and vertex operators, it will be desirable to have
so that T zz is holonomic and Tzz is anti-holonomic [8] . But due to the Weyl anomaly 3 ,
which is precisely what is seen in (3.19) . However if these components of the stress tensor are redefined to
then the momentum constraint holds. This is analytic reparametrization [9] and this allows for identification of holonomic and anti-holonomic components of the stress-energy tensor in string theory. Here, it allows for the mometum constraint to hold.
With matter
We would now consider gravity coupled to scalar fields. The action in consideration will be
Using (2.8) we obtain,
The conjugate momenta is given by
Therefore, the Hamiltonian density is
It will be convinient to normalize Φ →Φ = √ 16π Φ and make it dimensionless.
If we look atΦ which are harmonic in 2D. Then we have
If we admit the following coordinate change (ω,Φ) → (ω ,Φ ) = (ω +Φ 2 4 ,Φ), then we have due to the Uniformization theorem
Consider the solution of the form ψ = Z Φ Z c , where Z c satisfies (3.13). Then we have,
Consistency with the momentum constraint
The momentum constraint in the case of matter-coupled gravity reads
If the second term is considered, then we have
which is given by (3.18) satisfies the above trivially, while the part with V (Φ) gives
Since, √ σV (Φ)ψ = δψ δΦ , ψ satisfies (3.38). Therefore, the only contribution is due to the phase factor (3.3) and hence, (3.37) reduces to (3.20) . And by sticking only to integrable configurations of Σ ⊥ , it can be seen that the momentum constraint holds here as well.
Punctured Null-Surfaces
In the previous sections, it was shown that the induced metric on the null surface is equivalent to the metric on the string worldsheet, therefore, establishing a correspondence between null hypersurfaces in 4D and the worldsheet geometry in string theory. Due to this correspondence, one may postulate existence of hypersurfaces which are punctured. These punctured 2-surfaces correspond to amplitudes in string theory 4 with vertex operators inserted at the punctured site [11] . This can be easily understood if one looks at m-point closed string amplitude [8] 
where V Λ i (p i ) is a vertex opertor corresponding to the i-th state. The power of string coupling g s is the Euler characteristic of the string worldsheet (i.e. χ). Now, the vertex operator is normalized by the string coupling g s , so that the amplitude for a fixed topology becomes
i.e. the Euler characteristic of the string worldsheet is not exactly χ but χ − m where m denotes the number of vertex insertions on the worldsheet. Consider the sum
where f (p) is some real function. This sum augments the string action by a potential term of the form
This potential term breaks conformal invariance if V (0) = 0 and therefore, it is possible to have
with V (0) = µ instead of S non−critical . This is because in presence of the tachyonic background, the Weyl anomaly reads 5
where V (X) = V (X) where this is the D-dimensional laplacian. V (X) is not just a potential term, it is precisely the tachyonic field and the second term in the Weyl anomaly is the equation of motion for the tachyon 6 . If V (X) is taken to be on-shell, then the second term is zero and the Weyl anomaly is unchanged. And (3.13) is satisfied with ψ as the partition function of (4.6) instead. Therefore, the solution ψ is now like a distribution of punctured null surfaces. A riemann surface with n-punctures or (marked points) have Euler characteristics given by
where M * is the punctured manifold while M is the unpunctured manifold. This is precisely what is seen in (4.2). Consider a conformal transformation of the metric σ on M [σ * ] ij = e 2ω σ ij (4.9)
Now, we compute the the corresponding change in the Euler characterstic using the Gauss-Bonnet theorem.
Since, under the conformal transformation (4.9) we have,
we then have,
If ω satisfied
where x p is the point where the puncture is introduced, then for n such sites we will reproduce (4.8). The string coupling shows itself due to the addition of 2D Einstien-Hilbert term to the Polyakov action [8] S string = S poly + λ 4π
where g s = e −λ . Hence, (4.2) can be understood as a consequence of the Weyl transformation of the form (4.13). Therefore, string amplitudes are indeed punctured riemannian surfaces.
Flat space
In the previous section, a correspondence was established between string worldsheet and null-hypersurfaces in 4D by where a partition function made from the weighted sum of punctured null surfaces was shown to be a solution of the (3.13) . Here, the consequence of such a null surface is shown. Consider the case of flat space where (4.13) turns out to be ∂∂ω = π δ(z − z p ) (4. 15) in complex coordinates. Here, ω has a very simple answer
which means the metric on the 2-surface is
which has a puncture at (y p , z p ) and F (u, v) is some function of the u, v coordinates. Now, consider N v as a constant and N A v = 0 7 . Since, ∂ u [σ * ] ij = 0, therefore, from (3.15) it would mean that F (u, v) = e Au (4.18) 7 A choice which leads to ωµ = 0, a desired configuration.
with A being some constant so that N v = cA/3 due to (3.15) . For simplicity , set A = 3/c. So that the complete 4-metric looks like
The above metric satisfies the Einstien equation in the presence of the stress-energy tensor
This stress-energy tensor can be facilitated by a scalar field Φ. Consider the stress-energy tensor for the action without the scalar potential (3.26)
Consider now only the u coordinate so that after equating to (4.20) , the field configuration is
The above field configuration satisfies the Klien-Gordon equation and is also harmonic 8 on the null hypersurface. This is a flat metric whose null hypersurfaces have a puncture on it.
Consider the coordinate transformation (y − y p , z − z p ) → (Y, Z) so that the above becomes
A further coordinate transformation (Y, Z) → (r sin θ, r cos θ) gives rise to ds 2 = −2dudv + e 3u/c r(dr 2 + r 2 dθ 2 ) (4.24)
where θ ∼ θ + 2π. Now, a final coordinate transformation (r, θ) → ((3R/2) 2/3 , 3Θ/2) gives rise to
where Θ ∼ Θ + 6π which looks like the metric of a spacetime containing a cosmic string [12] ! Notice, it is independent of the location of the puncture. Multiple punctures would lead to a metric with multiple cosmic strings. Rewriting (4.19) for multiple punctures
where ∆ i = ln |x − x i | where x i are the positions of the punctures, which looks like the metric for spacetime with multiple cosmic strings [12] .
In the past few sections, an attempt was made to find exact solutions to the Wheeler De-Witt equations by moving to 2+2 foliations. By doing so, it was possible to write a WDW that was a first-order differential in the metric on the null surface. This made it easy to exactly solve it for constant c under some conditions. However, the solutions consistency with the momentum constraint depended on the integrability of Σ ⊥ . By sticking to only integrable configurations of Σ ⊥ , and by analytic reparametrization of the stress-energy tensory, it was also possible to satisfy the momentum constraint. This solution allows for a correspndence between null surfaces and string worldsheet geometry which allows for punctured null surfaces which in the end turns out to be cosmic strings. One may now take some obvious future directions like finding a similar correspondence with superstring theory, finding other physical consequences of this correspondence and other exact solutions to the WDW equation.
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A Derivation of Gauss-Coddazi relations
Consider a null hypersurface with two null normals l µ and n µ , which implies that the metric on the hypersurface is
which is also taken to be the orthogonal projector. Given a V µ ∈ T (M), we have (σ · V) ν = V ν +n ν (V·l)+l µ (V·n) ∈ T (Σ) where Σ is the null slice, therefore, σ : T (M) → T (Σ). Hence, any p-form belonging to T (M) p maybe projected to T (Σ) p [13] . With this knowledge, consider a vector V µ ∈ T (Σ) . Then we may write
where D is the covariant derivative with respect to σ µν . Now, by making use of (A.1), we obtain
where K µν = σ α µ σ β ν ∇ α l β ,K µν = σ α µ σ β ν ∇ α n β are the Weingarten maps respect to the null normals on the hypersurface and are, hence, self-adjoint. Therefore, antisymmetrizing in µ, ν gives
Taking traces to obtain
Since,
The following identities are stated without derivation
where ω = [n, l] and where t.d. stands for the total divergences. This leads to (2) 
Similar Gauss-Coddazi relations for null foliated spacetimes were also derived in [6] using similar techniques.
A.1 Hamiltonian formulation
To describe a Hamiltonian, we require something akin to a time derivative. The u direction is taken as 'time'. Hence, the defintioṅ
where in the second equality (2.5) was used. The lagrangian density is given by
To compute the hamiltonian density, another identity is needed
Now, we can compute the following conjugate momenta
(A.21) are the primary constraints. Therefore, the hamiltonian density becomes
Now, computing the secondary constraints givė
These are the hamiltonian and momentum constraints, respectively.
A.2 In presence of matter
In the presence of scalar matter, the secondary constraints undergo slight modifications due to (3.29) . They are as followṡ
B Going from 3+1 foliation to 2+2 foliation
Consider a 3+1 foliated spacetime manifold M with a metric g. The spacelike-foliation Σ will have a 2D timelike boundary B. The induced metric h on Σ folitation obey
where m is the timelike normal of Σ normalized such that m 2 = −1 [5] . Now, coming back to the timelike boundary of the foliation, the induced metric σ on B
where r is the spacelike normal of B and is also tangent to Σ such that r 2 = 1, r · m = 0 [5] . Now, given a timelike vector m and a spacelike vector r. One can construct
such that l 2 = n 2 = 0 and l · n = −1. Using the above construction, we can rewrite the induced metric on B as σ µν = l µ l µ + n µ n ν + g µν (B.4)
which is precisely the induced metric on a null-foliation of a null-foliated spacetime. Therefore, given a 3+1 foliation, it is possible to construct a 2+2 foliation this way.
C Weyl anomaly in presence of tachyonic background
Consider the string action augmented with a potential term as
The tachyon vertex operator is given by
Now the renormalized operator is defined as [14] [10]
[F] r = exp 1 2
where ∆ Therefore, the tachyonic contribution to the Weyl anomaly is [15] T tachyonic = − 2 α V (X) + V (X) 2 + O(α ) (C.12)
The higher order terms in α can be obtained through background field perturbation theory [9] , but in absence of any other background, the higher order terms are also functional of V (X). Since, the tachyonic contribution to the Weyl anomaly is the equation of motion for the tachyonic field, therefore, it can be set to zero at higher orders in α as well by taking V (X) to be on-shell.
